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L INTRODUCTION

THE object of this paper is to cons1der the analysrs of BIB des1gns
when the yields in the plots containing a partlcular treatment are
totally missing. A situation of this type occurs’ in _practice © when,

(i) after the experlmental area has been prepared for a BIB
desrgn it may be found out that two of ithe 'u-treatments
are 1dent1cal in formule though not in brand $o that to
avoid repetition ‘and costs of lavmg out and harvestmg, the
experiment may be carried out with only.v — 1 treatments,
using the same experimental area; analyzmg as a BIB with
a missing treatment; Ce

(n) cone. of;-the. treatments - (generally the. control) may happen
~tobe not. pest resistant, so- that during the experiment. the
yrelds in the plots where this treatment is applled are aﬁ‘ected
to a large extent;

(111) the number of treatments to be compared may be only s and
_the most useful and practicable BIBD _may: exist only-with
parameters v, b, r, k, Awhere v'=g + 1, so that the area_

o 1s prepared for the above BIBD ‘and removmg at random".,
o one treatment and all’ 1ts “plots, ‘the experiment” is Taid" ouf,

Under the- above condmons the design becomes one where all
the blocks are not of the same size.” The mode of analys1s of variance
is not simple for such a design in general as it depends on the'structure
of ‘the actual design: However ‘it has been shown -in- this paper. that
in some. particular cases the- analy51s can be carrled out.quite easily.
. and-that this‘analysis comes out to- be- analogous to-that. of BIB .GD
and PBIB designs, though the block sizes drffer ,

2. ANALYSIS lN THE GENERAL CASE

. Cons1der a BIB with. parameters v, b r k by Let all the y1elds
pertaining to the v-th treatment be’ deleted Then we have a de51gn
with. parameters . : -
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vVV=v—1, b =b, ry=r for j=1,2, -+, :
v —1;and k; = k — 1 if i-th block con- § . M
, tains. ©-th treatment = k otherwise

Let n; denote the number .of tithes the j-th treatment occurs in the
" i-th- block (m; =0 or 1) Then : :

B, e -
O=Ti= 5 s @

i

where T, is the total of the j-th treatment and Bi is the total of the i-th
'block Also under the usual notation we havé

M2 r— A (r—2A) '
kj (k—l)f R @

Ciyg=1r; —

where j=1,2, ..., v.— ], since the - th treatment ~occurs A - times
in. blocks where ‘the v-th treatment occurs. Also -

Unless the actual structure of the BIBD is known the quantities c¢;;
cannot be evaluated in advance Hence to proceed with the analysis,
the - normal equations - :

Q! = 2 Cn”'y : » N &)

are to be actu Ily constructed and solved Thus a srmple mode of
analysrs of variance does not exist in general. I shall now exaraine
some particular cases where 51mp1e solutions exist .for equatrons (5).

3. BALANCED "DESIGNS |

Suppose there exists a BIBD wrth parameters v, b rk, A for whrch

.+ we:can’ find an 1nteger 6 < A such that any pair of treatments j, j
Ay J 'v) occur exactly 6 times in'the blocks where the v-th treatment

. oceurs, C]early “if such an mteger 0 shou_ld exist, we should have

@@= =A(k—2) , ©)
In ‘case of such a design, from (4) we have

8 (A=)
TED T
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Also from (3) since A —1)= r(k—1),

- A PO o
-c”_+k_7€“k(k—1) o ®

Substltutmg these- values 1n (5),.and remembering. that Z‘q-,— 0 and

simplifying, we get : :

X -0 1. .
- [ Y k(k ) ]1-, for all j#v.-. g ®

From equatlons (9) we can readily obtain 7; and hence calculate
the S.S; due to treatments adjusted for blocks. Also we caa see that
any pair of treatments is compared with a constant efficiency so that
the design is a balanced one, though the blocks are not of the same
size. Again, comparing the bracketted term on the R.H.S. of (9)
with the corresponding term in the .normal equations for the BIBD
we see that.since 6 < A this design is less efficient than the BIBD and
the loss of efficiency can be at once' obtained.

The series of BIB désigns, v =n=25,r=n—1=k, )\—n—2
» ' for all integral values of »n fall into this type. The value of 6 will be
| n — 3. Given n — 1 treatments this design can be constructed as
follows: allot all these treatments to a block of size n — 1; then
take all possible . combinations of n — 2 treatments from these
and allot each of these combinations to a block of size # —2; thus
there will be one block of size # — 1 aand n — 1 blocks of size n — 2,
and any ‘pair of treatments occur together once in the block of size
n—1 and n — 3 times in blocks of size n — 2.

Now?con51der the set of BIBD derivable from EG (N, 2), taking
all the pomts belonging to a m-flat and allotting these to a block. The
parameters of this design are as follows: -

‘D—ZN k =2"
‘ _ (L2422 2V - O+H$+-+WM91
« (24257 2mgy i ] (10)

the valucs of b and r bemg obtainable from the- above parameters.
From this 1t can be readily seen that,

~Am—n
(v —2)

is an mteger 0 equal to 1 if m=2 and

_ (22 ) (422t
. 2525279 -~ . an
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otherwise. Also it can be seen by actual construction “{since” every.
line contains exactly 2 points) that among the: blocks where any pair
of ‘treatments‘ occur (exactly A in' number) -every .- other - treatment
is replrcated 6 times. Thus this set of designs also belongs to the balanced
type of designs. The on'ly practrcable design ‘(r < < 10) of thrs serres‘
is given by

v:&baﬂ&f=7;h=¢A=3'~hf~f* (u) .
which gives rise, when a treatment and its. plots are. missmg, -to.a balanc-
ed design with 7 blocks of size 4.and 7.of size 3 and § =.1. :

Two other’ desrgns of thlS serres are

vf~—16 b =30, r=15, k—8 /\_7 and 0_'% .._(1,3)
v_16 b_140 r——35 k_4 )\—7and0—-1 o
4, 'GD TYPE "DESIGNS

Let a BIBD exist with parameters vy b r k) X such that- the first
» — 1 treatments fall into - classes of nitredtments each such'that any
parr of treatménts belongmg to the’ same “class’ occurs 6, tnnes and any
two b..longrng to dlﬁ'erent classes occur' 8 ‘times among blocks where
the v-th treatment occurs Then we should have ’ :

m=n—1. e L s ‘
and SR ) R .
A@-m;mfua+w;ﬁﬂﬁw_- 1
Cip = — (kil. ]) ()‘7( 01) -,‘ %(14) -
. lf] and j'. belong to the same set
B (,\—92) e )
- (k — 1) k- -
C otherw1se _ . _ 8
Puttmg these values in (5), summmg them over:ithe treatments belong_*‘ )

ing to the same class as j and sunplrfylng we see that

S1(0) = o = T AG =D F0d SG), . (09),

where S:(Q35) denotes:thé sum - of @ll-the Q,'s pertaining to.the treat-
ments which belong to the-same class as theij-th freatment.-
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. Thus .we -have Co e
: -Q’“_[' k(k—l)] g
01 2 [A k— 1) + 02] S1 (QI) «' (16)

From the above equatlons the values of 7;-and hence the S S. due to,
treatments, etc., can be calculated.

-From the above steps it can be readily seen that this procedure
is analogous to the analysis of GD designs and that the varjances of
treatment-comparisons fall into two classes The actual values can
be obtained from (16). : -

: All the BIB'D with A =1 fall into this type, because with respect
to any treatment the rest of the v — 1 treatments fall into r classes
of k — 1 each such that any two belonging to the same class occur
together once among the blocks occupied by it and any two belong-
ing. to -different classes do not occur together in these. blocks.at all.
Thus when.one treatment and all its plots are missing we have a design
with v.— 1 treatments each replicated r times in b blocks, r of which
contain £ — 1 plots each and the rest.contain. k. plots each Here
6,=1, 6,b=0, n=k'—1 and m=r: - X

Again consider the BIBD given by
v=b=T,r=k=4, A=2,

' In the next section we shall see that any SBIBD with A = 2 will
give rise to a PBIB in two associate classes, when all blocks containing
a particular treatment are considered, deleting that treatment. “In
the -case.of this particular design, this PBIB reduces itself to GD type.
Thus when a treatment .and all its plots ar¢ missing from this design
we get a GD type design discussed above. - Constructing this design
from the 1n1t1a1 block (0, 1, 3, 6) and deletmg 0 we see that thé remain-
ing six treatments fall 1nto three classes, viz., (1,5); (2,3); (4 6), of
two each such that the treatments in the same class do not oceur
together in the blocks occupied by 0 and treatments belongmg to
dlﬁ‘erent classes. oceur together ‘once: among these Hence here we have

6, =0, Oy=1, n=2, i =3

5 PBIB TYPE DESIGNS :

Let us suppose that there exists a BIBD with parameters: v, b 7,
k, A such that with respect to any treatment j. # v the rest of the v'— 2
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treatments (not equal to v) lel;i?ntq s classes of sizes ny, ny, * * *, -1, -5uCh
that any treatment j' (# j, v) which™is. an i-associate ofij occurs with
it in @; blocks where the treatment v octurs. Let us further suppose
that the numbers py’ which denote the number “of treatments which are
j-associates -of one and k-associates of other of two ‘treatments which
are themselves i-associates, are independent of the. particular treat-
ments considered (as in the cage of usual PBIBD). Then we can
readily see that

,n1+n2+...+n3='y—2 ' }

mb + nfy+ -+ Fnf, = A(k—2) (%)

and the equations among py’s are the same as in the case of PBIBD.

‘Thus from (4)‘we have

- 6 (A—6) . A .
c,,,=__k-_*1-_( T (19)

if j and j’ are i-associates. Substituting these values in (5) we see that
these can be solved in the same way as in the case of PBIBD. Thus
we have a design analogous to the PBIBD, with unequal block sizes
and here also there will be s different sets of comparisons with respect
to every treatment having corresponding variances. The normal
equations in this case will be in general more complicated than those
for the PBIBD.

Let-us consider a SBIBD with parameters v =5, r=k%, A. It
is knowa for such designs that any pair of blocks contain A treatments
commonly. . Thus if we take all the blocks where any treatment
j (j # v)-occurs-with the treatment v, any pair from these blocks should
contain A =2 more treatments other than j and. v as common.

Now -consider all SBIBD for Wthh A=2. From the above argu-
ment it follows that any pair of blocks containing j and ® together
cannot ‘have any other treatment in common. There are exactly
2 (k — 2) such treatments and all these must be distinct. Thus in a
SBIBD with A-=2, with _Tespect "to any -treatment j=£ v the rest
of the » — 2 treatments (other than j and v) fall into two classes, the
first containing 2 (k — 2) treatments which occur once and the second
containiag » —2 —2(k —2) =(k — 2)(k — 3)/]2 treatments which
do not occur at all among the blocks where j and v occur together.
Thus it we consider the k blocks where v occurs and delete v we have
a PBIBD in two associate classes with. first kind of parameters as
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pr—v— 1, br=k =2, K=k, Ao=1, =0,
m=2(k—2), n (_"—%“_3) . 0)

Now let us consider the second kind of parameters. Let j and
j' be first associates. Then they occur together in one block with v.
In this block there are k¥ — 3 more treatments all of which must be
first associates of both j and j’. Also v occurs with j in one more block
not containing j* and with j’ in another block not contzining j and these
two blocks must have another common treatraent different from o,
jand j'. This treatment also will be a first associate of both
jand j/. This property is 1ndependent of the choice of j and j'.
Thus we should have

plll - k _ 2. (21)
From - this it follows that '

- k—3)(k—4
Pt =k—3 and Dot —(—‘)2( )

Also the values-of other second kind of parameters can be at once
evaluated and we see that ;

P11é =4, ‘P1:‘>.2 =2(k— 4): Pézé =(k—‘_‘%‘:—$ . -

(22)

Thus if from a SBIBD with A = 2a treatment and all its plots
are missing we have a PBIB type design in two associate classes, with
k blocks containing k — 1 plots each.and the rest contamlng k plot
-each, with- first kind of parameters

8, =1, 6,=0, n1—2(k—/), rzz_w =3 3y
and _secoﬁdrkind. of parameters as given above.

Also the above discussion gives us the methods of constructing
the following PBIBD in two associate classes.

R e N A e A =1, A, =0s

nl__z(k_2) Hy (k—z_)zﬁ_—_:ﬂ 24

and
' p¥=p—1, b*—v——k rR=E2 k~_k X=0,
=1, n1—2(k—-2) s w 3) 25)
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and the values of p;;! as given above, whére v and k arc the parameters
of an existing SBIBD with ‘A =2. (The second series are obtained
by deleting a treatment and all the blocks containing it from the
SBIBD )

The SBIBD w1th k= 4 was already discussed and the other practr-
cable SBIBD with A =2 are as follows: v

v=b=11, r=k=5'A=2, 0,=1; 6,=0,

no=6, my=3. S @26)
v=b=16, r=k=6, A=2, 6,=1, 6,=0,

n, =8, n,=G6. . - @7
v=b=37, r=k=9, A=2, 6,=1, 0,=0, '

ny=14, m=2L L (28)

Now let us turn to two SBIBD with A =3 which also give rise
to PBIB type designs with two associate classes when a treatment is
deleted. Firstly consider

w=b=11, r=k=0b, A=3. (29)

Takmg all the blocks containing any partrcular treatment j say
and ‘using the arguroent that any two of these must contain exactly

two_treatments (5 j) as common, it.can be easrly deduced that with
respect ‘to any treatment (), the remaining 9 treatments fall into
two ‘¢lasses, the first” contammg six treatments which occur once and..

the second three treatments ‘which occur twrce w1th that. treatment

among these six ‘blocks. - The values for the’ parameters of the second_
kind can also be easily computed and thus by the delet1on of j we have

“thePBIB type design with parameters:
. 0=10,b=11, r=6;, k=6 or 5, A—3 0 _-1 02—2
':”1-—6 n2—3 P11 =0, P12‘—P12 =2, 1"11—1

P® =3, Pzz B oo (30)'7

Also from arguments already grven the above desrgn can’ be broken

up into two PBIBD in two assocrate classes one with block-size 5. and..

the other with 6.
Now consider the SBIB grven by , .
v—b-—-lS r=k=1, /\—3 T 1))

The- -above. desrgn can- be constructed from PG (2,-3), by taking: the -

planes as blocks. Since in this PG every line contains- exactly-3 points,
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it follows that if 0, 1, 2 are coplanar-then2 must always occur in every
plane where 0 and 1 occur together! Thus since any two blocks con-
‘taiding 0 must have just two, more treatments in common it follows
that the totahty of the remaining 14 treatments is divisible into seven
‘paits such that in 'a block where 0 occurs both or none of the treat-
ments .belonging to a pair can occur. From this we see that when
‘0 is deleted we get a PBIB-type in two associate classes (actually a
GD-type) with parameters

v=14, b=15 r=7, k=7 or 6, A=3, 6,=3,
O,=1, n,=1, n,=12. (32)

[The above argument followed from the actual mode of construc-
tion for the SBIBD. But it can be rigorously shown that whatever
be the mode of construction the design (31) always gives rise to (32)
when one treatment is deleted. I am leaving the proof as it is not
essential for the practical aspects of this paper.]

6. CONCLUSIONS

The analysis of many types of BIBD of common occurrence with
one treatment missing has been discussed in this paper and it has been
shown that this analysis is analogous to that of BIB, GD and PBIB
des1gns "The solution of the normal equatlons however will be more
comphcated One interesting feature is the existence of balanced ’
GD and PBIB type designs with all blocks ot having the same number .
of plots. However these de31gns are of practical utility only. ‘when
the 1ntra-block error variance between blocks of different sizes does
not dlﬁ'er much. Smce there are only two possible block sizes k and'_,
k—1, and we are mamly concerned with agricultural ﬁeld expenments

where the 'area is prepared in advance we may assume that thlS dlﬂi- '
culty can be eliminated.

" The construction of GDD from BIBD by deleting a treatment and
all blocks containing it had already been discussed: by others but GD
type designs as defined by me are ‘more efficient since the number of
replications for the treatments is more. _Also this paper throws more
light “on’ the construction of ‘GD and PBIB designs in two ass001ate ,
classes starting from' a ‘BIBD and deleting a treatment from all ‘the
blocks containing it or its comphment
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